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1. Let f ( x ) be a continuous and 2K periodic function and let 
Ű 00 
(1) fix) ~ + 2 " ian cos nx + b„ sin nx) 
n= 1 
be its Fourier series. Denote by s„=sn (x)=sn(f; x) the ?j-th partial sum of (1). 
I f co id) is a nondecreasing continuous function on the interval [0, 2n] having the 
following properties 
co(O) = 0, w ^ + á, ) S tMCdJ + o j ^ , ) 
for any + then it will be called modulus of continuity. A s 
usually WrHm and Wrill")' denote the following function classes: 
(2) W'H® = {/: \\f(r)ix + h)-f<r,(x)\\ = O(o j (/ ) ) ) } , 
(3) W(H°r = { / : \\f 'Hx + h)+f<'Hx~h)-2frHx)\\ = 0(co(h))}, 
where /<r )denotes the r-th derivative o f f and || • || denotes the usual supremum norm. 
For r=0 and (x>id) = 5* Ha = Hi' is called the Lipschitz class of order a. 
L. LEINDLER ([3]) defined the so called generalized Lipschitz-classes as follows. 
For O s a s l let coa(ő) denote a modulus o f continuity having the fol lowing proper-
ties 
( i ) for any there exists a natural number n = n ( « ' ) such that 
(4) 2 " " ' <^ ( 2 - " - " ) > 2(0, (2-" ) holds for all n fel; 
( i i ) for every natural v there exists a natural number iV(v) such that 
(5) 2 v a co a ( 2 _ n _ v ) 35 2coa (2 _") i f H S TV(V). 
Using such modulus of continuity, H03* defines the generalized Lipschitz class. 
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For any positive ß and p L . LEINDLER ([2]) defined the following strong means 
and function classes: 
i l " l1/pll 
(6) hn(f,ß,p)= pjj 2o (k +1/-1 ktW -/(a-)!"} J, 
(7) H(ß, p, r,'co) = {/: hn(f, ß, p) = O co ( 1 ) ) } , 
and in [3] and [4] he proved the following relations : 
H (ß, p, r, co j = W'H». for 0 < a < l ; l 
( 8 ) r r c ^ , M l f f l l ) E r r r for a = l j l f P ^ ^ + ^ P -
In [8] we gave coefficient-conditions assuring that a function should belong to 
(and so in certain cases to H(ß, p, coa)). 
For example the following theorem was proved. 
T h e o r e m A (Theorem 1 of [8]). Let A„ = 0 and Xn be the Fourier sine or cosine 
coefficients of (p(x). Then 
(p£Ha' (0 < a < 1) 
if and only if 
or equivalently 
(10) Z k . X k = o [ n œ \ L ) \ 
It is clear that in order to obtain coefficient-conditions of type (9) for / to belong 
to H{ß, p, r, co j instead of H(ß, p, co j it is sufficient to give conditions assuring that 
/should belong to WH^* or equivalently, under the restriction X„ ̂ 0 , to H(ß, p, r,cox). 
In other words it is sufficient to find coefficient conditions for the derivatives of / to 
be in H°". 
In the special cases co(ô)=ô* coefficient-conditions for f£Hs" and feW'H0* 
w e r e g i v en b y G . G . LORENTZ ( [ 7 ] ) , R . P. BOAS ( [1 ] ) a n d L I N G - Y A U CHAN ( [ 6 ] ) . 
2. Theorems. Throughout the rest of the paper we shall assume that the Fourier 
coefficients an, b„ are nonnegative and 
oo oo 
g(x) = 2 bk sin kx, f(x) = 2 ak cos kx, 
k=1 fc=l 
furthermore / and g are continuous functions on [0,7t]. 
T h e o r e m 1. If 0 < a < l then for any r ^ l 
g£WrHa* 
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if and only if 
or equivalently 
2 kr+1bk = O «eu, 
2 ^ = 0 « , 
T h e o r e m 2. If 0 < a < l then for any r f e l 
f£WrHm* 
if and only if 
or equivalently 
I ) ) , 
T h e o r e m 3. If a = l and r is odd, then 
if and only if 
T h e o r e m 4. If a = l and r is even ( r s 2 ) , then 
if and only if 
T h e o r e m 5. If a = l and r is even (rfeO), then 
f£Wr(H^f 
if and only if 
Zk-+*ak = 0 
T h e o r e m 6. If a = 1 and r is odd, then 
feW'H^ 
if and only if 
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T h e o r e m 7. If a = l and r is odd, then 
g e W H a i 
if and only if 
i kr^bk = O I « 2 « , (1)) and II i k'+>bk sin kx\\ = O ( 1 ) ] . 
T h e o r e m 8. If a = l and r is even ( r sO ) , then 
f£WrH°>' 
if and only if 
J V+*ak = O J « 2 « ! ( I j j and || j j kr+iak sin A:x|| = O [nay ( 1 ) j . 
k= 
3. Lemmas. 
L e m m a 1 (Lemma 2 of [8]). If and <5>/?>0, then 
Zk-nk = 0 
k = l 
if and only if 
n s a ) s _ ß 
L e m m a 2. (Lemma 2 of [6]). For each integer /^0 the quantity 
»3 C -1V+ 1 
is of constant sign for all « > 0 . Furthermore if 0 < « s 1, then 
u2j+3 
| G a " ) | - ( 2 ; + 3 ) ! 2 -
L e m m a 3 (Lemma 3 of [6]). For each integer jsO the quantity 
M2 . , u-J 
F(j, u) = cos u-1 +-57 - -..+(- iy+ 
2! - v ' ( 2 j ) \ 
is of constant sign for all « > 0 . Furthermore, if O^wSl, then 
,.2j + 2 
\HJ- u)I S • (27 + 2)12 
L e m m a 4 (Theorem 2 of [8]). 
gtH-* 
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if and only if 
¿ ^ = 4 ^ ( 1 ) ) . 
L e m m a 5 (Theorem 3 of [8]). 
/€ (// a i r 
if and only if 
i Mi))-
L e m m a 6 (Theorem 4 of [8]). 
if and only if 
(~M)] ane^ I I 2 kak sin kx|| = O ^n^ ( ^ j j . 
Zak = 0\co 
k = n 
4. Proofs. Since the proofs of all theorems above mentioned can be done in the 
same way as LING-YAU CHAN did in [6] (by using Theorem A and Lemma 1—Lemma 6 
instead of those used in [6]) we here show only the proof of Theorem 1 for r — 1. 
Let us suppose that 0 < a < l and 
( i i ) = 
By Lemma 1 we get that (11) is equivalent to 
( 1 2 ) gkbk = o{*\\)\ 
So 2 kbk is convergent series, that is, the series 
k = 1 
(13) 2 kbk cos kx 
k = 1 
is convergent uniformly which allows us to differentiate the series 
(14) j?bksinkx 
k = 1 
term by term, which gives that 
(15) g'(x)= j? kbk cos kx. 
k= 1 
Using Theorem A and (11) we have that 
g'iH"«, 
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that is 
which proves our Theorem 1 in the case r= 1 in one direction. 
For the other direction we assume that 
(16) g ' e H 
that is, 
gtmH"". 
From (16) it is obtained that 
(17) l s ' ( 0 - i r ' ( 0 ) l = o (û> « ( 0 ) . 
Integrating both sides over (0, x] we have 
(18) \g(x)-xg'(0)\=0(x<oa(x)). 
Using (18) we have that 
(19) g(x) = 0(x). 
But (19), by using Lemma 4 ( for <y1(<5)=ô) and the fact that 
I * ( * ) - S ( 0 ) l = O(x) 
implies g(x)£Hs, what gives that 
(20) 2 k b k = 0 ( 1) 
k = 1 
that gives that the series 
(21) 2 kbk cos kx k = 1 
is convergent uniformly, so the series 
(22) g(x) = 2 h sin kx 
t= i 
can be differentiated term by term, that is, 
(23) g'(x) = £ kbk cos kx and g'(0) = 2
 kbk-
k=1 k=l 
Combining (18) and (23) we have 
(24) 2 bk (sin kx—kx) = O (xcox (x)). 
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U s i n g L e m m a 2 ( f o r u=kx) w e ge t f r o m (24 ) 
[l/x] 
( 25 ) 2 h (s in kx - k x ) = 0 (xcoa (x)). 
k = l 
U s i n g aga in L e m m a 2 ( f o r u=kx) w e h a v e 
( 2 6 ) = 0{x-ua{x)). 
4=1 
Put t ing I — j = n w e h a v e tha t 
( 2 7 ) 
* = 1 
U s i n g L e m m a 1 f r o m (27 ) w e ob ta in the desired 
T h e p r o o f o f T h e o r e m is c o m p l e t e d f o r r = l . 
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